We explore the non-equilibrium dynamics of two coupled zig-zag chains of trapped ions in a double well potential. Following a quench of the potential barrier between both wells, the induced coupling between both chains due to the long-range interaction of the ions leads to their complete melting. The resulting dynamics is however not exclusively irregular but leads to phases of motion during which various ordered structures appear with ions arranged in arcs, lines and crosses. We quantify the emerging order by introducing a suitable measure and complement our analysis of the ion dynamics using a normal mode analysis showing a decisive population transfer between only a few distinguished modes.
Introduction
Cooled ions in traps form a clean and highly versatile setup for exploring structure formation with long-range interacting particles, both in equilibrium and non-equilibrium. In equilibrium, possible structures include small and large ion crystals [6, 41, 7] possessing various internal ordering such as concentric rings (2D), shells (3D) [3, 9, 4] and string-of-disks configurations [22] , and even two-component Coulomb bicrystals [17] . At the crossover from one to higher dimensions trapped ions can also form zig-zag configurations, a structure that attracts particular attention in the recent literature [1, 30, 2] . Specifically, varying the geometry of an anisotropic harmonic trap allows for a second-order phase transition from a linear to a zig-zag structure, which can be either ideal or involve topological defects [10, 33, 29] . Out of equilibrium, the recent literature predicts an equally rich variety of possible ionic structures including spatiotemporal patterns in laser-driven microtraps [24] and periodic lattices [26, 27] , but also interaction induced current reversals of the transport direction [25] based on structure formation in the phase space. Much of this research on structure formation with trapped ions roots in the admirable advancements of the controllability of ions in recent years. This ranges from the quickly progressing miniaturization of ion traps and lab on chip technologies [18, 40] via the advent of optical trapping techniques [35] to the discovery of multi-segmented Paul and Penning traps [37, 39] . The latter example in particular allows for more and more complex but still controllable arrangements of long-range interacting particles as required e.g. for quantum information processing [14, 19, 36, 15] . The above advancements allow and evoke a new type of question: How do individual ionic structures respond if we couple them to each other? Consider for example a segmented ion trap with two wells, both loaded with an individual zig-zag configuration, separated from each other by a potential barrier between the wells. Let us now quench the barrier to a lower value, which increases the coupling between the individual chains: Are the only two (expected) alternatives for the dynamics of the zig-zag chains that they either deform only slightly and respond with small oscillations to the increased coupling or that we observe their complete melting resulting in irregular oscillations of all ions? This is precisely the problem we want to investigate in the present work. To explore the above problem we develop a minimal model based on a two dimensional double well potential that allows for zig-zag configurations in both wells whose geometries resemble the well-known zig-zag states in anisotropic single well traps. Remarkably, following the quench of the barrier we observe that the melting process does not simply lead to irregular oscillations but to a complex non-equilibrium dynamics constituted of different phases of motion. Phases of irregular oscillatory motion are interrupted by motional phases which exhibit transient ordered configurations. Although nonlinear dynamics governs the motion of the coupled ion chains, we employ a normal mode analysis showing that the population of the corresponding linear eigenvectors is not arbitrarily distributed over the whole band of modes as one would expect for e.g. a chaotic system. Instead, during most phases of the time evolution only a few eigenvectors are strongly populated and nonlinear effects show up in form of a decisive and quite sudden transfer of energy among the different modes. Our work is organized as follows. Section II explains our setup and the preparation of the ground state configuration. Section III provides our main results followed by a normal mode and population analysis of the dynamics. We summarize our findings and their interpretation in section IV.
Setup, Hamiltonian and ground state configuration
We consider N ions, described as classical point particles with mass m and charge Q, confined in radial direction (x, y) to a linear quadrupole Paul trap and to a double well potential (segmented trap) in z−direction.
with U dc and U rf being the applied constant and the rf-voltage; ω rf is the (radio)frequency, c is a geometrical parameter of the trap. The geometrical parameter is for both directions x and y equal in radially symmetric traps but in planar traps [28, 39] the geometrical parameter for both directions can strongly differ. The ion dynamics in the radio-frequency trap is composed of the so-called micro motion, and a comparatively slow averaged motion taking place in an effective harmonic potential [12] V (x, y) = direction we assume the following phenomenological double well potential [38] , with wells centered at ≈ ±z 0 and separated from each other by a barrier of height ∼ 1/C (see Fig. 1 ).
This potential quantitatively resembles the shape of individual harmonic wells around ±z 0 up to terms proportional to C 2 . Specifically, for a given sufficiently high barrier this allows us to prepare zigzag chains in each of the two wells which are the energetically lowest equilibrium configuration of the double well which we call the ground state configuration in the following Note that finding the many-particle minimum of a many ion system is generally a highly nontrivial task; hence the present choice of the double well potential is a crucial step to allow for a numerical study of the dynamics of coupled ion chains. After preparing this configuration, i.e. its numerical determination, our strategy will be to ramp down the barrier height by a certain amount which corresponds to a quench of the quantity C. Subsequently the resulting dynamics of the now strongly coupled ion chains will be explored. To understand the complex dynamics of coupled many-ion structures in nonequilibrium it is crucial to simplify our model. First, since we are interested in the dynamics on large scales we neglect the micromotion. Second, we focus on a two-dimensional description, which simplifies the visualization of the ionic structures and their analysis but does not change qualitatively the resulting dynamics and phenomenology of the structure forming processes. Specifically, we choose parameters α = ω x /ω z ≈ 8.3 where the ground state configuration is a planar (2D) zig-zag structure in the x−z-plane far from the transition to a helical (3D) zig-zag chain. The transition from the 2D structure to the 3D helical zigzag chain occurs at α ≈ 4.5 , whereas the transition to a linear 1D line-structure occurs at α ≈ 10 (for ω x = ω y ). Thus, although ramping the barrier will generally produce both in-plane and out-of-plane fluctuations, the latter ones are generically small. A strong confinement in y-direction (ω y /ω z ≥ 10) prevents their amplification in the course of the consecutive dynamics; hence the ions stay close to the x − z plane. Indeed the impact of small out-of plane fluctuations on the intra-plane dynamics is quadratically suppressed with the distance of the ions perpendicular to the x − z plane 2 and consequently a projection of the ion dynamics in 3D looks very similar to a direct 2D description. Hence, we focus on a two-dimensional minimal model given by the two-dimensional Hamiltonian:
The only force which couples the dynamics of ions perpendicular to the x − z plane to the intra-plane dynamics is the Coulomb coupling. Consider two ions in distance L = L 2 + L 2 ⊥ where L is the projection of their distance onto the x − z plane and L ⊥ is their distance perpendicular to this plane. Then
showing that forces produced by small out-of plane oscillations onto the intra-plane dynamics are quadratically suppressed.
1/3 and defining
we integrate the resulting Newtonian equations of motion. For the sake of convenience we will drop the stars in the following. Finding the ground state configuration is a 2N dimensional optimization problem which is, for large N , numerically highly demanding, mainly because root finding algorithms converge, for most initial configurations, to some excited equilibrium configuration. To avoid this, we need a good initial guess for the positions of the ions which converges to the ground state configuration. Here, the quantitative similarity of both wells of the chosen double well with individual harmonic traps comes into play: it allows us to exploit the existing knowledge on a single zig-zag ionic chain in the literature and hence to numerically efficiently determine the double zig-zag ground state configuration within standard multidimensional rootfinding [11] , which is visualized in Fig. 1 . Note that the present setup also allows for a 'first excited' equilibrium configuration which is very similar to the ground state configuration (Fig. 1(b,c) ) and whose energy exceeds that of the ground state configuration by a factor of less than 10 −10 . We call this first excited equilibrium configuration the mirror configuration.
Results and Analysis
We now use the planar double-zig-zag ground state configuration as our initial configuration and assume that the initial velocities of all ions vanish which can be achieved approximately via modern cooling techniques in experiments with trapped ions [8, 23, 5, 34, 21] . We excite this initial configuration by performing a sudden quench of the barrier height between the two wells. This allows in the course of the dynamics the zig-zag structures in both wells to move closer together, thereby effectively increasing their coupling. Here we quench, exemplary, from C = 1.26 · 10 −2 to C = 6.3. This quench leads to an energy excess of less than two percent with respect to the ground state configuration in the C = 6.3 potential which is still a double zig-zag configuration. To explore the time evolution of the double zig-zag configuration after the quench we use an implicit Gaussian 4th order Runge-Kutta algorithm [11] for integrating the Newtonian equations of motion. For very short times we mainly observe a center of mass motion of both zig-zag structures towards each other, accompanied by small oscillations of the individual ions. At t ∼ 1.5 the two chains begin to melt in the center of the system which continues until the zig-zag structures are completely destroyed. Strikingly, as a result of the melting process, we do not only obtain phases of irregular oscillations of the ions in the trap (see for example Fig. 2 at t = 18.91), but also many phases of transient structures featuring an unexpected degree of order: we observe the formation of ions in lines, arcs and cross like structures and partial revivals of the dynamics (see Fig. 2 ). As a result, coupled zig-zag chains not only exist as a stable ground and excited equilibrium configuration but, once exposed to perturbations such as our quench, experience a complex reordering process with both irregular phases of motion and ordered configurations as quantified in Fig. 3 a) . It turns out that the shape of the specific configurations we observe is sensitive to the initial configuration: Choosing the mirror configuration instead of the ground state configuration as our new initial configuration and performing the same quench of the barrier as before leads to a second set of ordered structures, including arc like configurations and elliptical arrangements of ions (see Fig. 2 b) . In the following we introduce a measure based on the idea of Voronoi diagrams [31] to quantify the degree of order underlying the structures shown in Fig. 2 . Specifically, when drawing a circle around each ion, whose diameter is given by the distance to its nearest neighbor, our measure is defined as the sum of the areas of the respective circles around all N = 44 ions, i.e.
To evaluate this measure we rescaled the z-coordinates of all ions z * = z · k with k = 0.04, such that the average x-distance of adjacent ions equals their average distance in z-direction. The result of A(t) is shown in Fig. 3 a) and features pronounced oscillations: all structures which appear to be ordered from a visual impression and show ions arranged in arcs, lines or crosses (Fig. 2) lead to distinct minima in A, whereas irregular structures ( Fig. 2 d (left and right) , f (left) and g (right)) generate larger values of A. Clearly A is a measure for the clustering of ions on one-dimensional manifolds such as straight lines, arcs or crosses leading to low values of A, whereas acquires larger values if the ions tend to cover a two dimensional area. 3 We now analyze the observed emergence of transiently ordered ion structures originating from the melted double zig-zag structures. Clearly, if the initial quench of the barrier had induced only small oscillations around the initial configuration of the ions the dynamics could be described to a good approximation by the linearized equations of motion. In terms of normal modes [13] , it would then consist of a superposition of harmonic oscillations with preserved oscillation amplitudes. Here, the ion dynamics does not consist of small amplitude oscillations (the initial configuration dissolves completely) but is essentially nonlinear. Generally, nonlinearities couple different normal modes and transfer energy between them resulting in varying normal mode amplitudes. Here, it turns out however, that a normal mode analysis is still useful: We find that during certain phases of the ion dynamics only a weak energy transfer between different normal modes takes place, indicating that nonlinearities have only a weak impact on the ion dynamics during these phases. These phases are interrupted by short transition 'events', where significant population is transferred between different eigenvectors. Specifically, we use standard techniques to numerically calculate the eigenfrequencies {ω i } and the associated eigenvectors {E i } around the new many-ion equilibrium configuration of the double well following the quench. As the eigenvectors form a basis of the N -dimensional configuration space (here sorted by their eigenfrequencies) we can now represent position and velocity of each ion at a fixed time t in this basis:
Here, r eq m is the position of the m-th ion in the ground state configuration (mirror configuration) of the double well following the quench and p 2 i (t) (k 2 i (t)) describe the population of the linear eigenvectors E i . In the linear regime the population coefficients reduce to p i (t) = P i cos(ω i * t) and k i (t) = K i sin(ω i * t) with P i , K i being constant amplitudes.
We now analyze the population dynamics of the eigenvectors E i as induced by nonlinear effects. The initial quench mainly populates the vectors E 2 , E 4 , E 6 ( Fig. 4a at t = 0) . These belong to the slowest modes whose population is allowed by symmetry (they possess the same symmetry as the initial configuration). Fig. (4a) shows that a first significant energy transfer to higher modes takes place at t ∼ 1.5, which is the time where the zig-zag configurations start to melt, and then spreads to more and more other modes. Notably, the energy does not spread in an arbitrary manner over a whole band of modes which we would expect for a purely irregular or strongly chaotic system, but many of the eigenvectors either keep their population for relatively long times (Fig. 4a) or exchange them only pairwise (Fig. 5) . This indicates that the many ion dynamics is not irregular but possesses a high degree of order. We now study in more detail how the population transfer between individual linear normal modes takes place. Therefore, we populate only one (or several) of the linear eigenvectors as our initial configuration and explore the resulting dynamics. Populating for example only vector E 2 which has the largest population after the quench, i.e. choosing (r 1 , .., r N ) (t = 0) = (r eq 1 , .., r eq N ) + d 2 (t = 0)E 2 leads to a permanent 'breathing' oscillation of all ions in the left well and an opposite motion of the ions in the right well. Accordingly, we observe almost no transfer of population to other eigenvectors and the considered single mode excitation leads to persistent small and periodic oscillations rather than inducing a melting of the double zig-zag. If we populate, e.g., the three eigenvectors which attract the strongest population by the quench of the potential barrier, we obtain a similar result: Only very few energy is transferred to other modes (Fig.4b) . There are however eigenvectors belonging to higher modes, whose initial population, even if it is small, induce a hierarchical spreading of population between different eigenvectors. In particular, if we weakly populate vector E 26 above p 26 (t = 0) we obtain a population dynamics which reproduces large parts of the occupation dynamics as induced by the quench of the potential in the full problem (Fig. 4c) . Already a weak population of this vector does therefore lead to significant nonlinear effects strongly mixing the linear eigenmodes. As a result, it depends on the details of how we excite the double zig-zag ground state configuration whether it responds with small oscillations or with a complete melting and the dynamical reconfiguration of the ions into ordered (transient) structures. Here, we neglected micromotion for simplicity. Accounting for it would however influence the occupation of eigenvectors [20] , but presumably only on relatively long time scales. Accordingly, it could be interesting to explore if micromotion leads to a diffusion-like spreading of population over many eigenvectors and therefore generates a slow crossover from the partly regular dynamics quantified above to an increasingly irregular ion dynamics on long timescales. Let us finally address the experimental realization of our setup employing state of the art ion technology. Typical experimental parameters for segmented Paul traps are ω rf /2π = 4.2 − 50MHz, U rf = 8 − 350V with applied dc voltages in axial direction of up to 10V [19, 16] . Depending on the ion species and trap design this results in radial direction in ω/2π = 1 − 5MHz and in axial direction in ω z /2π = 0 − 5MHz. For the dynamics only the frequency ratio α = ω ωz = 8.25 is of importance (e.g. ω/2π = 4.5MHz and ω z /2π = 0.545MHz). The parameters z 0 and C depend on the dc voltage and the trap geometry and are in the range of 30 µm for the well position z 0 and up to 300 µm 2 · MHz 2 for C. The ion configurations in the course of the dynamics could be detected by fluorescence light with a CCD camera [29, 19] .
Conclusions
While structure formation with trapped ions is already a versatile and active research area, recent experimental progress suggests the coupling of individual ionic structures in multi-segmented traps. The present work elaborates, on a minimal model that allows for coupled zig-zag ion chains that respond in a highly selective way when we excite them: Depending on the details of the excitation we either obtain regular oscillations around the equilibrium configuration or a complete melting followed by a sequence of structures with ions arranged in lines, arcs and cross like formations. Our model can be extended to explore the dynamics of whole arrays of coupled ionic structures in multisegmented traps. The selective response of coupled zig-zag chains to weak excitations promises an energy transport (or sound propagation) along the trap which strongly depends on the initial signal. Particularly in cases where the ions respond with small oscillations we expect a much weaker energy transport than in cases of complete melting where nonlinear effects couple linear eigenmodes and convert Coulomb energy to intersite from one site of the double well to the other one motion of ions. A further application of coupled ionic structures in multiwell traps could exploit the current interest in topological defects (kinks) in zig-zag structures to study their collision and transferability between different individual zig-zag chains.
